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HARMONIC OPERATORS OF ERGODIC QUANTUM GROUP ACTIONS
MASSOUD AMINI, MEHRDAD KALANTAR, AND MOHAMMAD S. M. MOAKHAR
Abstract. In this paper we study the harmonic elements of (convolution) Markov maps associated to
(ergodic) actions of locally compact quantum groups on (σ-finite) von Neumann algebras. We give several
equivalent conditions under which the harmonic elements are trivial.
1. Introduction and Preliminaries
The noncommutative Poisson boundary, i.e., the space of fixed points of normal unital completely
positive maps on von Neumann algebras, has been extensively studied in the last few decades, both in
general and concrete settings [3], [8], [1], [9], [2]. These boundaries are of particular interest for the class of
Markov maps associated to (homogeneous) Markov processes on algebraic structures, like the convolution
maps of probability measures on locally compact (quantum) groups.
In [8] Izumi introduced noncommutative random walks on discrete quantum groups and studied the
associated Poisson boundaries. In this paper we consider a more general setup. The Markov operators
whose Poisson boundaries are investigated here arise from the convolution action of quantum probability
measures on locally compact quantum groups on von Neumann algebras.
To further clarify the setup and motivate the discussion, let us consider the classical case: let G be a
locally compact group, acting measurably on a σ-finite probability space (X, ν). When ν is quasi-invariant,
G acts canonically on L∞(X, ν), and for a probability measure µ on G one may define a convolution map
on L∞(X, ν) by
µ ⋆ h(x) :=
∫
X
h(gx) dµ(g) h ∈ L∞(X, ν) , x ∈ X .
This convolution map defines a Markov operator, whence a (time independent) Markov chain on X with
transition probabilities
p(x,A) = µ ({ g ∈ G : gx ∈ A }) x ∈ X , A ⊆ X .
A function h ∈ L∞(X, ν) is called µ-harmonic if it is fixed under convolution by µ, i.e.,∫
X
h(gx) dµ(g) = h(x) for ν − a.e. x ∈ X .
The space of all µ-harmonic functions is isomorphic, through the Poisson transformation, to the space of
all essentially bounded measurable functions on the Poisson boundary of the associated Markov chain on
X [11].
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In this paper we investigate harmonic elements of the convolution maps associated to quantum group
actions. Convolution Markov operators on G-spaces are studied in the classical setting (cf. [13], [6], [7]),
but some of our results here on harmonic functions are new even for group actions. A more detailed study
of the classical convolution Markov chains on transformation groups is done in [16].
Let us recall basic definitions and set the terminology used in this paper. For more details on locally
compact quantum groups and their actions we refer the reader to [17] and [20].
A locally compact quantum group G is a quadruple (L∞(G),Γ, ϕ, ψ), where L∞(G) is a von Neumann
algebra, Γ : L∞(G)→ L∞(G)⊗L∞(G) is a co-associative co-multiplication, and ϕ and ψ are the (normal
faithful semi-finite) left and right Haar weights on L∞(G), respectively. The corresponding GNS Hilbert
spaces L2(G, ϕ) and L2(G, ψ) are isomorphic and are denoted by the same notation L2(G). The (left)
fundamental unitary W of G is a unitary operator on L2(G)⊗L2(G), satisfying the pentagonal equation
that implements the co-multiplication Γ.
The reduced quantum group C∗-algebra C0(G) = { (ι⊗ ω)W : ω ∈ B(H)∗ }
‖·‖
is a weak∗ dense C∗-
subalgebra of L∞(G). Let L1(G) be the predual of L∞(G). The pre-adjoint of Γ induces an associative
completely contractive multiplication
(1.1) ⋆ : f ⊗ g ∈ L1(G) ⊗̂ L1(G) → f ⋆ g = (f ⊗ g) Γ ∈ L1(G)
on L1(G). Also for the operator dualM(G) of C0(G), there exists a completely contractive multiplication
on M(G) given by the convolution
⋆ : µ⊗ ν ∈ M(G) ⊗̂M(G) 7→ µ ⋆ ν := µ (ι⊗ ν) Γ = ν (µ⊗ ι) Γ ∈ M(G)
such thatM(G) contains L1(G) as a norm closed two-sided ideal. In particular, every µ ∈M(G) induces
a normal completely bounded map Φµ on L∞(G). When µ is a state, Φµ is a Markov map, i.e., it is also
unital and completely positive.
For a von Neumann algebra N , a (left) action α : G y N of G on N is an injective ∗-homomorphism
α : N → L∞(G)⊗N such that
(Γ⊗ ι)α = (ι⊗ α)α .
The action α is called ergodic if the fixed point algebra is trivial, that is,
Nα := { x ∈ N : α(x) = 1⊗ x } = C1 .
2. Convolution operators on G-spaces
For µ ∈M(G) by [14, Theorem 2.1] one obtains a (unique) normal completely bounded map Φµα on N
such that
(2.1) αΦµα = (Φ
µ ⊗ ι)α .
When µ ∈ L1(G), we have Φµα = (f ⊗ ι)α.
HARMONIC OPERATORS OF ERGODIC QUANTUM GROUP ACTIONS 3
We denote by P(G) the set of all states µ in M(G). For µ ∈ P(G), the corresponding operator Φµα is
a Markov map on N . We denote by Hµα the space of µ-harmonic elements in N , i.e., the space of fixed
points of the Markov operator Φµα. This is a weak
∗ closed operator system in N , and if we choose a free
ultrafilter U on N, we obtain an unital completely positive idempotent map Eµα(x) on N ,
(2.2) Eµα(x) = weak*− lim
U
1
n
n∑
k=1
(Φµα)
k(x) .
This allows us to define a von Neumann algebra structure on the operator system Hµα via the Choi–Effros
product x ◦ y := Eµα(xy) (cf. [3]).
One may consider the co-multiplication Γ as a (left) action of G on L∞(G). The following result
describes Hµα for α : G y N in terms of H
µ
Γ.
Proposition 2.1. Let α : G y N be an action of a locally compact quantum group G on a von Neumann
algebra N and µ ∈ P(G). Then
Hµα = { x ∈ N : α(x) ∈ H
µ
Γ ⊗ N } .
Proof. The inclusion ⊇ follows from (2.1) and injectivity of α. For the inverse inclusion, suppose that
x ∈ Hµα, i.e., Φ
µ
α(x) = x. Then using (2.1) we obtain
Φµ
(
(ι⊗ ω)α(x)
)
= (ι⊗ ω)
(
(Φµ ⊗ ι)α(x)
)
= (ι⊗ ω)
(
α (Φµα(x))
)
= (ι⊗ ω)α(x)
for all ω ∈ N∗. Hence (ι⊗ω)α(x) ∈ H
µ
Γ for all ω ∈ N∗ and therefore α(x) ∈ H
µ
Γ⊗F N , where ⊗F denotes
the Fubini tensor product (cf. [5]). Since HµΓ is a von Neumann algebra with its Choi–Effros product, it
follows from [19, Proposition 3.3] that HµΓ ⊗F N = H
µ
Γ⊗N , and the inclusion follows. 
Corollary 2.2. Let α : G y N be an ergodic action of a locally compact quantum group G on a von
Neumann algebra N and µ ∈ P(G). If HµΓ = C1, then H
µ
α = C1.
Proof. Let x ∈ Hµα. By the above proposition, there exists y ∈ N such that α(x) = 1⊗ y. Therefore
1⊗ α(y) = (ι⊗ α)α(x) = (Γ⊗ ι)α(x) = (Γ⊗ ι) (1 ⊗ y) = 1⊗ 1⊗ y ,
which implies y ∈ C1, by ergodicity of α, hence x ∈ C1. 
For ω ∈ N∗, we define a completely bounded map φω : N → L
∞(G) by φω(x) = (ι ⊗ ω)α(x). Then
the following are easily derived
(2.3) (ι⊗ φω)α = Γ ◦ φω and Φ
µ ◦ φω = φµ⋆ω ,
for all ω ∈ N∗ and µ ∈M(G), where µ ⋆ ω := (Φ
µ
α)∗(ω).
An essential fact behind many of the results concerning the convolution maps in the quantum setting
is that for any µ ∈ P(G), the convolution map Φµ is a faithful map on L∞(G). This follows easily from
the faithfulness of the Haar weight, and its invariance under convolution maps (c.f. [15, Lemma 3.4]).
This, together with (2.1), yield that for any action α : G y N and µ ∈ P(G), the map Φµα is faithful on
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N . But, in the absence of a “Haar weight” for a general action α : G y N , the analogous result for the
map φω is by no means trivial.
Theorem 2.3. Let α : G y N be an action of a locally compact quantum group G on a σ-finite von
Neumann algebra N . Then the following are equivalent:
1. the action α is ergodic;
2. for any nonzero ω ∈ N+∗ , the map φω : N −→ L
∞(G) is faithful.
Proof. (2)⇒ (1): Suppose α is not ergodic. Let e ∈ Nα be a non-trivial projection, and ω ∈ N∗ a normal
state whose support projection is e. Then we have
φω(1− e) = (ι⊗ ω)α(1 − e) = 〈ω , 1− e 〉 1 = 0 .
(1)⇒ (2): Let ω ∈ N+∗ be non-zero, and suppose x ∈ N
+ is such that φω(x) = 0. Denote by p the support
projection of ω. Then for every ρ ∈ L1(G) we have ω((ρ⊗ι)α(x)) = 0. This implies (ρ⊗ι)(α(x)(1⊗p)) = 0
for all ρ ∈ L1(G), and therefore α(x)(1 ⊗ p) = 0. Now consider the left ideal
M := { y ∈ N : α(y) (1 ⊗ p) = 0 } ,
and suppose q ∈ N is a projection such that M = Nq. Then for every ρ ∈ L1(G) we obtain
α ((ρ⊗ ι)α(q)) (1 ⊗ p) = (Φρ ⊗ ι) (α(q) (1 ⊗ p)) = 0 ,
which shows that (ρ ⊗ ι)α(q) ∈ M , whence [(ρ ⊗ ι)α(q)]q = (ρ ⊗ ι)α(q) for all ρ ∈ L1(G). This implies
α(q)(1 ⊗ q) = α(q), i.e.
(2.4) α(q) ≤ 1⊗ q .
Denote q′ = 1 − q, and let θ be a normal faithful state on N with the GNS map Λθ : N → Hθ. Let θ˜
be the dual weight on the crossed product G α⋉N (cf. [20, Definition 3.1]), with modular operator and
modular conjugation ∇θ˜ and Jθ˜. Let and ∇ˆ and Jˆ be the modular operator and modular conjugation of
the Haar weight ϕˆ of the dual quantum group Gˆ. Then, for every y ∈ N and ξ ∈ D(∇ˆ
1
2 ) we have
α(q′) (1⊗ q) (Jˆ ∇ˆ
1
2 ξ ⊗ Λθ(y)) = α(q
′) (Jˆ ∇ˆ
1
2 ξ ⊗ Λθ(qy))
= Jθ˜∇
1
2
θ˜
α(y∗q) (ξ ⊗ Λθ(q
′))
(
by [20, Lemma 3.11]
)
= Jθ˜∇
1
2
θ˜
α(y∗)α(q) (1 ⊗ q′) (ξ ⊗ Λθ(q
′))
= 0
(
since α(q)(1 ⊗ q′) = 0 by (2.4)
)
.
Hence α(q′)(1 ⊗ q) = 0, which then together with (2.4) implies that α(q) = 1 ⊗ q. Since α is ergodic,
we conclude that q = 0 or q = 1. But q = 1 implies ω = 0, so it follows that q = 0, and in particular
x = 0. 
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Now, using the above theorem, we can prove a quantum version of the “Maximum Principle”, which
clears the path to generalize a number of results on the triviality of certain classes of harmonic functions.
For this, we need to impose a (rather weak) restriction on µ. We prove a Maximum Principle for spread-
out quantum probability measures. The measure µ ∈ P(G) is called spread out if there are n ∈ N
and 0 6= ω ∈ L1(G)
+
such that ω ≤ µn, or equivalently, if µn = ωa + ωs, for some n ∈ N, where
0 6= ωa ∈ L
1(G)
+
and ωs ∈M(G)
+
.
Note that this is not a very restrictive condition. In the classical setting of locally compact groups,
in order to have a well-defined notion of measure-theoretical boundaries, one has to restrict to such
probability measures. For discrete (quantum) groups, every (quantum) measure is spread-out. Also the
assumption that µ is spread-out is not necessary in the following lemma (and results after that) if G is
co-amenable (which includes the case of locally compact groups). On the other hand, such a restriction is
expected as we work in the very general setting of measurable actions and do not impose any continuity
condition on the action.
Lemma 2.4 (The Maximum Principle). Let α : G y N be an ergodic action of a locally compact quantum
group G on a σ-finite von Neumann algebra N , and let µ ∈ P(G) be a non-degenerate spread-out state.
Suppose that x ∈ Hµα is a self-adjonit element which attains its norm on N
+
∗,1. Then x ∈ C1.
Proof. Suppose that 0 ≤ x ∈ Hµα, ‖x‖ = 1, and ν is a normal state on N such that 〈ν, x〉 = 1. Let
µ ∈ P(G) be non-degenerate and spread-out. Define ρ :=
∞∑
n=1
1
2n
µn ∈ P(G). Since µ is spread-out, we
have ρ = ωa + ωs, where 0 6= ωa ∈ L
1(G)
+
and ωs ∈ M(G)
+
. Moreover, since µ is non-degenerate, ρ is
faithful on C0(G) and extends uniquely to a strictly continuous faithful state on the multiplier C
∗-algebra
C(G) of C0(G). Therefore ωa ⋆ ρ ∈ L
1(G)
+
is faithful on L∞(G), and
0 ≤ 〈ωa ⋆ ρ , φν(1− x) 〉 = 〈 ν , Φ
ωa⋆ρ
α (1− x) 〉 = 〈 ν , Φ
ωa
α Φ
ρ
α(1− x) 〉
= 〈 ν , Φωaα (1− x) 〉 ≤ 〈 ν , Φ
ρ
α(1 − x) 〉
= 〈 ν , 1− x 〉 = 0 .
By Theorem 2.3, the map φν is faithful, hence 1− x = 0. 
Proposition 2.5. Let α : G y N be an ergodic action of a locally compact quantum group G on a σ-finite
von Neumann algebra N , and let µ ∈ P(G) be non-degenerate and spread-out. Then the following are
equivalent:
1. every normal state on Hµα can be extended to a normal state on N ;
2. Hµα = C1.
Proof. We just need to prove (1) ⇒ (2). Consider Hµα with its von Neumann algebra structure, and let
p ∈ Hµα be a projection. Then p attains its norm on a normal state on H
µ
α, which, by the assumption, can
be extended to a normal state on N . Hence p ∈ C1, by Lemma 2.4, therefore Hµα = C1. 
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The following corollaries are then immediate.
Corollary 2.6. Let α : G y N be an ergodic action of a locally compact quantum group G on a σ-finite
von Neumann algebra N , and let µ ∈ P(G) be non-degenerate and spread-out. If the map Eµα : N → H
µ
α
is normal, then Hµα = C1.
Corollary 2.7. Let α : G y N be an ergodic action of a locally compact quantum group G on a σ-finite
von Neumann algebra N , and let µ ∈ P(G) be non-degenerate and spread-out. If Hµα is a subalgebra of
N , then Hµα = C1.
We close the section by proving a result on the multiplicative structure ofHµα. The following proposition
shows that Hµα can not contain any non-trivial ∗-subalgebra of N .
Proposition 2.8. Let α : G y N be an ergodic action of a locally compact quantum group G on a σ-finite
von Neumann algebra N , and let µ ∈ P(G) be non-degenerate and spread-out. If x ∈ Hµα is such that
xx∗, x∗x ∈ Hµα, then x ∈ C1.
Proof. By the assumption we have Φµα(x
∗x) = x∗x = Φµα(x
∗)Φµα(x). Hence, by [5, Corollary 5.2.2],
Φµα(yx) = Φ
µ
α(y)Φ
µ
α(x), for all y ∈ N . Similarly, we have yx
∗ ∈ Hµα, for all y ∈ H
µ
α. Hence, the weak
∗
closed subalgebra generated by 1, x, x∗ (denoted by A) in N is contained in Hµα. Now, let p ∈ A be a
nonzero projection (in the von Neumann algebra structure of A inherited from N), since p attains its
norm on a normal state on N , it follows from Lemma 2.4 that p = 1, therefore A = C1. In particular,
x ∈ C1. 
3. Triviality of certain classes of harmonic elements
Having the Maximum Principle at our disposal, we can prove the following result, similar to [15,
Theorem 3.7]. We denote by K(H) the space of all compact operators on a Hilbert space H .
Theorem 3.1. Let α : G y N be an ergodic action of a locally compact quantum group G on a σ-finite
von Neumann algebra N . If µ ∈ P(G) is non-degenerate and spread-out and N acts on a Hilbert space
H, then Hµα ∩ K(H) = C1.
Proof. Let x ∈ Hµα ∩K(H) be self-adjonit. Then there exists a state ω ∈ B(H)∗ such that |〈ω, x〉| = ‖x‖.
Hence the restriction of ω to N is a normal state on N that realizes ‖x‖. Therefore x ∈ C1 by Lemma
2.4. Since Hµα ∩ K(H) is generated by its self-adjonit elements, the result follows. 
Corollary 3.2. Let α : G y N be an ergodic action of a locally compact quantum group G on a finite
dimensional von Neumann algebra N . Then Hµα = C1 for any non-degenerate spread-out µ ∈ P(G).
In the case of the action of a locally compact (quantum) group G on itself via the comultiplication,
there is always a natural action of G on its Poisson boundaries. This follows from the fact that the
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comultiplication can be regarded both as a left or a right action of G on itself that commute with each
other. As shown by the following theorem, in the general setting of quantum group actions, where such
two sided commuting actions do not exist, we cannot define a natural action of G on the corresponding
Poisson boundaries.
Theorem 3.3. Let α be an ergodic action of a locally compact quantum group G on a von Neumann
algebra N , and let µ ∈ P(G) be non-degenerate and spread-out. If (ω⊗ ι)α(x) ∈ Hµα for every ω ∈ L
1(G),
then Hµα = C1.
Proof. As in the proof of Proposition 2.1 we conclude that α(x) ∈ L∞(G)⊗F H
µ
α = L
∞(G)⊗Hµα, for all
x ∈ Hµα. Hence the restriction of α to H
µ
α induces an ergodic action β : G y H
µ
α. Therefore Φ
µ
β = Φ
µ
α
∣∣
Hµα
,
which implies that Hµβ = H
µ
α. Hence H
µ
α = C1, by Corollary 2.6. 
Corollary 3.4. Let G be a locally compact quantum group. If there exists a non-degenerate spread-out
µ ∈ P(G) in the center of the Banach algebra M(G), then Hµα = C1, and G is amenable.
Proof. If µ is in the center of M(G), then for every x ∈ Hµα and ω ∈ L
1(G),
(ω ⊗ ι)α(x) = Φωα(x) = Φ
ω
α Φ
µ
α(x) = Φ
ω⋆µ
α (x) = Φ
µ⋆ω
α (x) = Φ
µ
αΦ
ω
α(x) = Φ
µ
α
(
(ω ⊗ ι)α(x)
)
which implies that (ω ⊗ ι)α(x) ∈ Hµα, for all ω ∈ L
1(G), hence Hµα = C1, by Theorem 3.3. Also G is
amenable by [15, Theorem 4.2]. 
The next corollary can be regarded as a generalization of [12, Theorem 4.3], [18, Theorem 1.10], and
[15, Theorem 4.2].
Corollary 3.5. A locally compact quantum group G is amenable if and only if there exist a non-degenerate
spread-out µ ∈ P(G) and ν ∈ M(G) such that the spaces of fixed points of the left convolution map by µ
and the right convolution map by ν on L∞(G) coincide.
As another immediate corollary to Theorem 3.3, we obtain one of the main results of [4], a dual
Choquet–Deny theorem: if G is a co-commutative locally compact quantum groups, then HµΓ = C1 for
every non-degenerate µ ∈ P(G).
Next we restrict ourselves to the actions of “Compact Type”. A quantum version of the Choquet–Deny
theorem for compact groups is proved in [15, Theorem 5.3]. In the following, we generalize this result to
the case of quantum ergodic actions.
Translating to our setting, the Choquet–Deny theorem for compact (quantum) groups states the triv-
iality of harmonic functions associated to the action of a compact (quantum) group on itself, which is
a “compact” (quantum) space. We show that weaker compactness type conditions are enough for the
triviality of Hµα. First note that by [15, Theorem 5.3] and Corollary 2.2, if G is compact and α : G y N
is ergodic, then Hµα = C1 for all non-degenerate µ ∈ P(G).
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A state Ω on N is said to be G-invariant if (ω ⊗ Ω)α = 〈ω , 1〉Ω for all ω ∈ L1(G). Note that for a
normal state ν ∈ N∗, the G-invariance means ωφν = (Φ
ω
α)∗(ν) = 〈ω , 1〉 ν for all ω ∈ L
1(G).
Theorem 3.6. Let α be an ergodic action of a locally compact quantum group G on a σ-finite von
Neumann algebra N . If there exists a normal G-invariant state on N , then Hµα = C1 for all non-
degenerate spread-out µ ∈ P(G).
Proof. Suppose that ν0 ∈ N∗ is a normal G-invariant state on N . Further suppose that ω is a faithful
normal state on L∞(G). Then it follows from Theorem 2.3 that ν0 = ω φν0 is faithful on N . Now, if
µ ∈ P(G) is non-degenerate, it follows from (2.2) that ν0E
µ
α = ν0. Hence, the completely positive map
Eµα is normal, and therefore H
µ
α = C1, by Corollary 2.6. 
As a consequence, Theorem 3.6 implies that harmonic function are trivial in the case of probability
measure preserving actions of locally compact groups.
We finish with another immediate corollary of Theorem 3.6, in the setting of group actions on finite
factors.
Corollary 3.7. Let α : G y N be an ergodic action of a locally compact group G on a finite factor N ,
and µ be a non-degenerate probability measure on G. If x ∈ N is such that∫
G
αg (x) dµ(g) = x ,
then x ∈ C1.
Proof. One only needs to observe that the unique finite faithful trace τ on N is G-invariant. 
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